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TOPOLOGY AND COLLAPSE
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We show that the collapse of the wave function of an entangled state of two spin 12 particles or two
photons in the singlet state can be geometrically understood as a change of fibre bundles.
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1. More than four decades of theoretical and experimental results, from the original paper of Bell1 and
experiments of Aspect et al 2, to the more recent violation of an inequality by Leggett3 and Gro¨blacher et
al 4, strongly support the idea that quantum mechanics is a complete, non local, causal and non separable
theory. (For a review, see for instance ref. 5.) A characteristic fact of this picture is the collapse of the wave
function, a clearly non local/extended phenomenon. A global geometric description of it is then demanding.
A step in this direction was given by Ne’eman 6: using the global character of parallel transport due to a
connection in a principal fibre bundle over space-time, he suggested to visualize the collapse as a sort of
spontaneous symmetry breakdown process. However, no explicit example of such a connection was given.
2. An ideal mathematical experiment could be the following: imagine two distant observers A and B
living on R2. The plane is contractible, so its fundamental group is zero. At a certain time t, observer A
makes a small hole in the plane (it is enough to eliminate a single point). The whole space changes abruptly
to a non simply connected space and the fundamental group becomes isomorphic to the integers. The space
in which the spacelike separated (with respect to A) observer B lives then changes instantaneously.
3. In some sense quantum mechanics, in particular through the collapse process, makes the previous
imaginary experiment feasible. In fact, consider an entangled pair of two spin 12 particles flying appart from
each other in the singlet spin zero state. (A similar analysis can be done with photons.) In a z-basis, the
normalized spin wave function is
ψ< =
1√
2
(↑1 ⊗ ↓2 − ↓1 ⊗ ↑2). (1)
Since each spin belongs to C2, the spin Hilbert space H< is C2⊗C2 ∼= C4, and by normalization, ψ< ∈ S7,
the 7-sphere. An overall U(1) phase multiplies S7, leaving as the physical space of states the set of lines
through the origin or projective space of C4, P (C4), namely, the complex projective 3-space CP 3 (“ray
space”). The initial wave function then involves the 3rd complex Hopf bundle:
ξ3h : U(1)→ S7 h3−→ CP 3, (2)
where
h3(~z) = ~zC
∗, (3)
with C∗ = C \ {~0}. At the moment t0 in which a measurement of the spin projection of, say, particle 2,
along the (arbitrary) direction nˆ is performed, with the result, say, S(nˆ)2 = − 12 , the wave function collapses:
ψ< → ψ> = (nˆ)1 ⊗ (−nˆ)2. (4)
Since the spin 2 fixes the direction of the spin 1, i.e., once the measurement is performed, one spin contains
all the information concerning the other spin, then the effective wave function can be considered a unit vector
in H>=C2 i.e. an element of S3, the 3-sphere. Again, U(1) gives an arbitrary phase on S3 and the effective
1
physical space of states becomes the ray or projective space of C2, P (C2) namely, the complex projective
line CP 1 (homeomorphic to the 2-sphere S2). Then the measurement process led us to the 1st complex
Hopf bundle:
ξ1h : U(1)→ S3 h1−→ CP 1, (5)
with
h1(~w) = ~wC
∗. (6)
We can summarize the above change of bundle structure in the following commutative diagram:
U(1) U(1)
↓ ↓
S3 →֒ S7
h1 ↓ ↓ h3
CP 1 →֒ CP 3
collapse←−
,
where →֒ denotes the inclusion.
4. ξ1h and ξ
3
h belong to the infinite sequence of U(1)-bundles ξ
n
h : U(1) → S2n−1
hn−1−→ CPn−1,
n = 1, 2, ... (the complex Hopf bundles) 7, with ξnh →֒ ξn+1h and infinite limit ξ∞h : U(1) → S∞
h∞−→ CP∞.
(S∞ and CP∞ are respectively given by the union of all Sn and CPn for finite n.) CP∞, which is the
clasifying space of U(1), is an Eilenberg-Mac Lane space and has its homotopy concentrated in dimension
2; then there is a bijection given by the 1st Chern class, c1:PU(1)(X) → H2(X ;Z), where PU(1)(X) is the
set of isomorphism classes of U(1)-bundles over X and H2(X ;Z) is the second cohomology group of X with
integer coefficients. In particular, since
H2(CP 1;Z) ∼= H2(CP 3;Z) ∼= Z
then
PU(1)(CP 1) ∼= PU(1)(CP 3) ∼= Z.
So, ξ1h and ξ
3
h are respectively the “intersections” of the sequence of Hopf bundles ξ
n
h mentioned above, with
the infinite sequences P 3k and P
7
k , k ∈ Z, of U(1)-bundles over CP 1 and CP 3, with P 31 ∼= S3 and P 71 ∼= S7.
5. Equivalently, we can describe the collapse in terms of the associated vector bundles ξ¯1h and ξ¯
3
h due to
the natural action of U(1) on the complex numbers, U(1)×C → C, (eiρ, z) 7→ eiρz, ρ ∈ [0, 2π). For l = 2
and l = 4,
ξ¯l−1h :
C
|
S2l−1 ×U(1) C
h¯2l−1 ↓
CP l−1
with S2l−1×U(1)C = {[(~z, w)]}(~z,w)∈S2l−1×C, [(~z, w)] = {(~zeiρ, e−iρw)}ρ∈[0,2π), and h¯l−1([(~z, w)]) = hl−1(~z).
These line bundles are canonically isomorphic to the canonical complex line bundles γcl−1 : C−E(γcl−1)
πc,l−1−→
CP l−1 given by CP l−1×Cl ⊃ E(γcl−1) = {(~zC∗, ~w)}(~z, ~w)∈Cl∗×Cl and πc,l−1((~zC∗, ~w)) = ~zC∗. The isomor-
phism is
C C
| |
S2l−1 ×U(1) C
ψl−1−→ E(γcl−1)
h¯2l−1 ↓ ↓ πc,l−1
CP l−1 = CP l−1
with ψl−1([(~z, w)]) = (~zC
∗, w~z) and inverse ψ−1l−1((~zC
∗, ~w)) = [( ~z|~z| , λ)], with λ
~z
|~z| = ~w.
2
A point of E(γcl−1) consists of a line through the origin in C
l together with a vector on this line. In
terms of E(γcl−1) one has the diagram:
C C
| |
E(γc1) →֒ E(γc3)
πc,1 ↓ ↓ πc,3
CP 1 →֒ CP 3
collapse←−
.
6. As we said before, the bundles ξ1h and ξ
3
h belong to an infinite sequence ξ
n−1
h of U(1)-bundles
S1
↓
... →֒ S2n−1 →֒ ...
↓ hn−1
... →֒ CPn−1 →֒ ...
for n = 1, 2..., with S2n−1 ⊂ CPn, which is a filtration of the classifying bundle of the circle ξ∞h ≡ ξU(1) :
U(1)→ S∞ h∞−→ CP∞ with S∞ = ∪∞n=1Sn and CP∞ = ∪∞n=1CPn. Since U(1) is a compact Lie group, ξ∞h
has a universal connection 8 given by the family of connections {ωn−1}∞n=1, where ωn−1 is the connection
on ξn−1h induced by the metric on C
n, < ~z, ~z ′ >= Σni=1z¯iz
′
i. At ~e =


1
0
...
0

 ∈ S2n−1, ωn−1 is given by
T~eS
2n−1 = V~e⊕H~e with V~e = {


it
0
...
0

}t∈R: vertical space at ~e, and H~e = {


0
z2
...
zn

}zk∈C, k=2,...,n: horizontal
space at ~e. In particular:
i) at ~e =


1
0
0
0

 ∈ S7, ω3 is given by V~e = {


it
0
0
0

}t∈R and H~e = {


0
z2
z3
z4

}zk∈C, k=2,3,4;
ii) at ~e =
(
1
0
)
∈ S3, ω1 is given by V~e = {
(
it
0
)
}t∈R and H~e = {
(
0
z
)
}z∈C.
The collapse process involves the transition ω3 → ω1. Unfortunately, we can not give yet a physical
meaning (if any) to this transition; however, this is the point of contact with the work of Ne’eman in ref.
6, where the assumed connection responsible for the collapse, though unspecified, was supposed to exist
in space-time, rather than in spin (or polarization) space. Nevertheless, if Ne’eman’s idea is correct, the
connection in question (in spin space) has to be a pull-back of the universal one.
(*) On sabbatical year at IAFE
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